We develop explicit expressions for the surface second-harmonic radiation yield using the three layer model. We derive expressions that can be applied to systems without and symmetry considerations, and then reduce them for the (111), (110), and (100) surface symmetries.
I. INTRODUCTION
Surface second-harmonic generation (SSHG) has been shown to be an effective, nondestructive and noninvasive probe to study surface and interface properties.
1-8 SSHG spectroscopy is now very cost-effective and popular because it is an efficient method for characterizing the properties of buried interfaces and nanostructures. The high surface sensitivity of SSHG spectroscopy is due to the fact that within the dipole approximation, the bulk second-harmonic generation (SHG) in centrosymmetric materials is identically zero. The SHG process can occur only at the surface where the inversion symmetry is broken.
SSHG is particularly useful for studying the surfaces of centrosymmetric materials. From the theoretical point of view, the calculation of the nonlinear surface susceptibility tensor, χ(−2ω; ω, ω), proceeds as follows. To mimic the semi-infinite system, one constructs a supercell consisting of a finite slab of material plus a vacuum region. Both the size of the slab and the vacuum region should be such that the value of χ(−2ω; ω, ω) is well converged. One has to include a cut function to decouple the two halves of the supercell in order to obtain the value of χ(−2ω; ω, ω) for either half. If the supercell itself is centrosymmetric, the value χ(−2ω; ω, ω) is identically zero, thus the cut function is of paramount importance. 9, 10 The cut function can be generalized to one that is capable of obtaining the value of χ(−2ω; ω, ω) for any part of the slab. The depth within the slab for which χ(−2ω; ω, ω) is nonzero can thus be obtained. One can also study how χ(−2ω; ω, ω) goes to zero towards the middle of the slab where the centrosymmetry of the material is restored.
11 Therefore, for the surface of any centrosymmetric material we can find the thickness of the layer where χ(−2ω; ω, ω) = 0.
In this article, based on the above approach for the calculation of χ(−2ω; ω, ω), we develop a model for the SH radiation from the surface of a centrosymmetric material. We call this model the three layer model, which considers that the SH conversion takes place in a thin layer just below the surface of the material that lies under the vacuum region and above the bulk of the material. Of course, one can replace the vacuum region with any medium as long as it is not SH active. However, most of the experimental setups for measuring the SH radiation take place in vacuum or air. We develop the model and derive general expressions for the SH radiation for the commonly used polarization combinations of the incoming and outgoing electric fields. We particularize the results for the (111), (110), and (100) crystalline surfaces of centrosymmetric materials. This paper is organized as follows. In Sec. II, we present the relevant equations and theory that describe the SHG yield. In Sec. III, we present the explicit expressions for each combination of input and output polarizations for the (111), (110), and (100) surfaces. Finally, we list our conclusions and final remarks in Sec. IV.
II. THREE LAYER MODEL FOR SSHG RADIATION
In this section we derive the formulas required for the calculation of the SSHG yield, defined by
with the intensity given by
where n(ω) = (ω) is the index of refraction with (ω) the dielectric function, 0 is the vacuum permittivity, and c the speed of light in vacuum. We use Ref. model is direct. In this scheme, we represent the surface by three regions or layers. The first layer is the vacuum region (denoted by v) with a dielectric function v (ω) = 1 from where the fundamental electric field E v (ω) impinges on the material. The second layer is a thin layer (denoted by ) of thickness d characterized by a dielectric function (ω). It is in this layer where the second harmonic generation takes place. The third layer is the bulk region denoted by b and characterized by b (ω). Both the vacuum layer and the bulk layer are semi-infinite (see Fig. 1 ).
To model the electromagnetic response of the three-layer model we follow Ref. 13 , and assume a polarization sheet of the form
where P is the nonlinear polarization (given below), R = (x, y), κ is the component of the wave vector ν β parallel to the surface, and z β is the position of the sheet within medium β (see Fig. 1 ). It is shown in Ref.
14 that the solution of the Maxwell equations for the radiated fields E β,p± and E β,s , at points z = 0, with P(r, t) acting as a source can be written as
where γ = 2π in cgs units and γ = 1/2 0 in MKS units. E β,p± represents the electric field for p-polarization propagating downward (−) or upward (+), and E β,s that for s-polarization, both in medium β. Since for s-polarization the field is parallel to the surface there is no need to distinguish the upward or downward direction of propagation as it is needed for the p-polarized fields. Also,ω = ω/c, andŝ andp β± are the unitary vectors for the s and p polarization of the radiated field, respectively. The ± notation refers to upward (+) or downward (−) direction of propagation within medium β, as shown in Fig. 1 . Thus,
where
is the index of refraction of medium β, and z is the direction perpendicular to the surface that points towards the vacuum. Lastly,w β (ω) =ωw β , where
with θ 0 the angle of incidence of E v (ω). We choose the plane of incidence along the κz plane, sô κ = cos φx + sin φŷ,
where φ is the azimuthal angle with respect to the x axis.
In the three layer model, the nonlinear polarization responsible for the SSHG is immersed in the thin β = layer, and is given by
where the tensor χ(−2ω; ω, ω) is the surface nonlinear dipolar susceptibility and the Cartesian indices i, j, k are summed over if repeated. We remark that the thickens of the layer is considered to be much smaller than the wavelength of the fundamental field, thus multiple reflections of both the fundamental and the SH can be neglected. Also, χ ijk (−2ω; ω, ω) = χ ikj (−2ω; ω, ω) is the intrinsic permutation symmetry due to the fact that SHG is degenerate in E ,j (ω) and E ,k (ω). For ease of notation, we drop the frequency argument from χ(−2ω; ω, ω) and we simply write χ from now on. As it was done in Ref. 13 , in presenting the results Eq. (4)- (8) we have taken the polarization sheet (Eq. (3)) to be oscillating at some frequency ω. However, in the following we find it convenient to use ω exclusively to denote the fundamental frequency and κ to denote the component of the incident wave vector parallel to the surface. Then the nonlinear generated polarization is oscillating at Ω = 2ω and will be characterized by a wave vector parallel to the surface K = 2κ. We can carry over Eqs. (3)- (8) simply by replacing the lowercase symbols (ω,ω, κ, n β ,w β , w β ,p β± ,ŝ) with uppercase symbols (Ω,Ω, K, N β ,W β , W β ,P β± ,Ŝ), all evaluated at 2ω. We always have thatŜ =ŝ.
To describe the propagation of the SH field, we see from Fig. 1 , that it is refracted at the layer-vacuum interface ( v), and reflected from the layer-bulk ( b) and layer-vacuum ( v) interfaces, thus we define
as the tensor for transmission from the v interface,
as the tensor of reflection from the b interface, and
as that from the v interface. The Fresnel factors in uppercase letters, T ij s,p and R ij s,p , are evaluated at 2ω from the following well known formulas,
From these expressions one can show that,
A. SSHG Yield
As explained above, we neglect multiple reflections, and then we obtain the total 2ω radiated field by using Eqs. (10), (11) , and (12),
The first term is the transmitted s-polarized field, the second one is the reflected and then transmitted s-polarized field and the third and fourth terms are the equivalent fields for p-polarization. The transmission is from the layer into vacuum, and the reflection between the layer and the bulk. After some simple algebra, we obtain
where,
The magnitude of the radiated SH field is given by E(2ω) =ê F · E (2ω), whereê F is the unit vector of the final polarization, with F = S, P , and then,ê S =ŝ andê P =P v+ . We expand the second term in parenthesis of Eq. (19) asP
and rewrite Eq. (18) as
In the three layer model the nonlinear polarization is located in layer , thus, we evaluate the fundamental field required in Eq. (9) in this layer as well. We write
and following the steps that lead to Eq. (21), we find that
Replacing E(ω) → E 0 e ω,i , in Eq. (9), we obtain that
(cgs units)
where e ω,i is given by Eq. (23), and thus Eq. (20) reduces to (W v = cos θ 0 )
From Eqs. (1), (2), and (25) we obtain that
as the SSHG yield, where η = 32π 3 for cgs units and η = 1/(2 0 ) in MKS units. Since χ is a surface second order nonlinear susceptibility, in the MKS unit system is given in m 2 /V, and thus R iF is given in m 2 /W.
III. RiF FOR DIFFERENT POLARIZATION CASES
We obtain R iF from Eq. (27) for the most commonly used polarizations of incoming and outgoing fields, i.e., iF=pP , pS, sP or sS. For this, we have to explicitly expand Υ iF (Eq. (26) ). First, by substituting Eqs. (7) and (8) into Eq. (21), we obtain
for P (ê F =P v+ ) outgoing polarization, and
for S (ê F =ŝ) outgoing polarization. Secondly, using again Eqs. (7) and (8), but now with Eq. (23), we obtain for p incoming polarization (
and for s incoming polarization (ê i =ŝ),
So to calculate R iF , we summarize in Table I the combination of the equations needed for all four polarization cases.
In the following subsections we write down the explicit expressions for Υ iF for the most general case where the surface has no symmetry other than that of noncentrosymmetry. We then develop these expressions for particular cases of the most commonly investigated surfaces, the (111), (100), and (110) crystallographic faces. For ease of writing we split Υ iF as
and in Table II we list, for each surface, the components of χ different from zero.
15,16
Caseê (111)-C3v (110)-C2v (100)-C4v χzzz χzzz χzzz χzxx = χzyy χzxx = χzyy χzxx = χzyy χxxz = χyyz χxxz = χyyz χxxz = χyyz χxxx = −χxyy = −χyyx (100) we consider the y axis perpendicular to the plane of symmetry. 15 We remark that in general
In this case 9 out of the 18 components of χ(2ω) valid for a surface with no symmetries, contribute to R sP . This is so, because there is no E z (ω) component, as the incoming polarization is s. From Table II we get,
for the (111) surface,
for the (110) surface, and
for the (100) surface.
D. RsS
Per In this case 6 out of the 18 components of χ(2ω) valid for a surface with no symmetries, contribute to R sS . This is so, because there is neither an E z (ω) component, as the incoming polarization is s, nor a P ,z (2ω) component, as the outgoing polarization is S. From Table II , we get r (111) sS = χ xxx sin 3φ,
and r (100) sS = 0,
for the (110) and (100) surfaces, respectively, both being zero as the bulk nonlinear quadrupolar contribution is not considered here.
IV. CONCLUSIONS
We have derived the complete expressions for the SSHG radiation using the three layer model to describe the radiating system. Our derivation yields the full expressions for the radiation that include all required components of χ ijk , regardless of symmetry considerations. Thus, these expressions can be applied to any surface symmetry. We also reduce them according to the most commonly used surface symmetries, the (111), (110), and (100) cases.
